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Abstract 

The rod-structure formahsm has played an important role in the study of black holes in 
D = 4 and 5 dimensions with M x U{1)^~^ isometry. In this paper, we apply this formalism 
to the study of four- dimensional gravitational instantons with U{1) x U{1) isometry, which 
could serve as spatial backgrounds for five- dimensional black holes. We first introduce a 
stronger version of the rod structure with the rod directions appropriately normalised, and 
show how the regularity conditions can be read off from it. Requiring the absence of conical 
and orbifold singularities will in general impose periodicity conditions on the coordinates, and 
we illustrate this by considering known gravitational instantons in this class. Some previous 
results regarding certain gravitational instantons are clarified in the process. Finally, we 
show how the rod-structure formalism is able to provide a classification of gravitational 
instantons, and speculate on the existence of possible new gravitational instantons. 



1. Introduction 

Black holes in higher dimensions have been extensively studied in recent years. It 
is by now clear that they have a much richer phase structure than their four-dimensional 
counterparts. For example, in five-dimensional asymptotically fiat vacuum space-times, the 
Emparan-Reall black ring [Ij with event horizon topology x S"^ can in certain cases 
carry the same mass and angular momentum as the Myers-Perry black hole ^ with horizon 
topology S^. This is in contrast to the situation in four dimensions, in which case the 
mass and angular momentum uniquely determine a solution, which coincides with the Kerr 
solution, and the only allowed horizon topology is a sphere S"^. Black holes in higher- 
dimensional asymptotically Kaluza-Klein space-times have an even richer phase structure. 
For more detailed reviews on the phase structure of black holes in higher dimensions, the 
reader is referred to [3l HI [5] and references therein. 

There is a particular class of higher- dimensional black hole solutions that is more 
tractable to mathematical analysis, namely stationary vacuum black holes in D space-time 
dimensions {D > 4) with non-degenerate horizons, admitting an additional D — 3 mutually 
commuting space-like Killing vector fields (with closed orbits). The symmetries correspond- 
ing to these Killing vector fields are referred to as "axial symmetries", even though in the 
general case for D > 4, their fixed-point sets are higher- dimensional surfaces rather than a 
real axis as in D = 4. For a static black hole space-time with an additional D — 3 orthog- 
onal space-like Killing vector fields, it turns out that the Einstein equations decouple into 
two sets. One of them resembles a three-dimensional fiat-space Laplace equation, and the 
solutions correspond to rod-like sources along a line in the three-dimensional space [6j. This 
formalism was subsequently generalised to stationary black hole space-times by Harmark et 
al. [Hi. 

Thus each black hole solution in this class will have a certain so-called rod structure 
associated to it, with the rods themselves physically representing either the event horizon 
or the symmetry axes. Much information can be read off from a given rod structure, for 
example, the topology of the event horizon and certain asymptotic properties of the space- 
time. Recently, there have also been some attempts to use the rod-structure formalism 
to extend the four-dimensional black hole uniqueness theorems to higher dimensions. By 
defining a more mathematical version of the rod structure (known as the interval structure) 
that takes into account the global properties of the space-time, Hollands and Yazadjiev [9|[T0] 
proved certain uniqueness theorems for stationary black holes which are either asymptotically 
]^D-i,i^ or asymptotically R*'^ x T^~^~^ where < s < D — 1 (see also [TT] for more aspects 
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of these space-times). 

In this and a subsequent [12] paper, we are interested in this special class of solutions 
in five space-time dimensions, in particular, those whose two space-like Killing vector fields 
generate closed orbits. So the isometry group of these solutions is ^ = M x T, where M 
corresponds to the fiow of time, and T = f/(l) x U{1) corresponds to the fiows of the two 
space-like Killing vector fieldsjj Well-known solutions belonging to this class include the 
five-dimensional Myers-Perry black hole and the Emparan-Reall black ring. 

When the black hole/ring is removed, the resulting background space-time is usually a 
direct product of four- dimensional flat space and a flat time dimension. Another possible 
background space-time that has been considered more recently in the literature [T31 [HI [T2] is 
the direct product of Euclidean self-dual Taub-NUT space [161 113 and a flat time dimension. 
It turns out that four- dimensional flat space and the self-dual Taub-NUT space are but the 
simplest examples of gravitational instantons, which are deflned to be non-singular four- 
dimensional Euclidean solutions to the Einstein equations [T^. They were extensively studied 
in the late 1970's and early 1980's within the context of Euclidean quantum gravity (see, 

e.g., m)- 

In the present context, these gravitational instantons will be Ricci-flat and have a 
U{1) X f/(l) isometry group. It turns out that many of the known gravitational instantons 
fall into this class of manifolds]^ Besides the above-mentioned two examples, we also have 
the Euclidean Schwarzschild and Kerr instantons PU], the Eguchi-Hanson instanton [21], the 
Taub-bolt [22] and Kerr-bolt [2B] instantons, and the multi- Taub-NUT [T7] and Gibbons- 
Hawking [21] instantons when all the so-called nuts are coUinear. For such gravitational 
instantons, it is possible to deflne the rod structure as has been done for flve-dimensional 
black holes. 

One of the main aims of this paper is to describe a way in which the possible conical and 
orbifold singularities of the space(-times) can be readily read off from the rod structure. To 
do so, we flrst introduce a stronger version of the rod structure than what has previously been 
used in the literature, namely one in which the rod directions are normalised to have unit 
(Euclidean) surface gravity. There is an obvious advantage in adopting this normalisation: 

^It is a theorem that every compact, connected, two-dimensional Lie group is commutative, and therefore 
isomorphic to U{1) x U{1). This makes it clear why the two commuting space-like Killing vector fields with 
closed orbits generate an (effective) U{1) x U{1) isometry group action for the space(-times) considered in 
this paper. 

^It may well be that the U{1) x U{1) is only a subgroup of a larger isometry group that the gravitational 
instanton possesses. But for our purpose, the existence of a U{1) x U{1) isometry subgroup is a sufficient 
condition. 



3 



the condition that there is no conical singularity along a space-like rod requires that the 
normalised direction of this rod (as a Killing vector field) generates orbits with period 2tt. 
In order to avoid an orbifold singularity at a so-called turning point where two adjacent 
space-like rods intersect, their normalised rod directions must generate orbits with period 
271 independently. Together, they can be identified as the pair of independent 27r-periodic 
generators of the U{1) x f/(l) isometry group. Furthermore, they must be related to any 
other adjacent direction pair of space-like rods by a GL{2, Z) transformation, so that any 
adjacent direction pair of space-like rods can serve as the pair of independent 27r-periodic 
generators of the U{1) x f/(l) isometry group. If these conditions are met, the space(-times) 
are guaranteed to be free of conical and orbifold singularities. 

For each of the known gravitational instantons in the class considered here, we will 
calculate its rod structure and check the conditions for the space to be free of conical and 
orbifold singularities. In most cases, this is a straightforward calculation which gives the 
required identifications of the coordinates. For the case of the self-dual Taub-NUT instan- 
ton, we will obtain the same identifications that Misner [25] famously found by considering 
two overlapping coordinate systems to eliminate Dirac-type string singularities. However, 
our approach has the advantage that it can be applied to other gravitational instantons, no 
matter how complicated, in a systematic and conceptually unified way. For example, we will 
be able to derive the required identifications for the multi-coUinearly-centered Taub-NUT 
instanton; something which has not always been done correctly in the literature. Unfor- 
tunately, we will also find that the Kerr-bolt solution [231 ES] is not a true gravitational 
instanton in the sense that it can never be made completely regular; although appropriate 
identifications of the coordinates will eliminate the conical singularities, there will always be 
orbifold singularities at the two fixed points of the U{1) x U{1) isometry ^1 

Our consideration of the various examples will also illustrate the potential as well as 
limitations of using the rod structure as a way to distinguish different gravitational instan- 
tons. On one hand, the stronger version of the rod structure used in this paper is able to 
distinguish the Eguchi-Hanson and Taub-bolt instantons, whereas the traditional (Harmark) 
rod structure [3 E] is unable to do so. On the other hand, we will see that our rod structure 
is unable to say, tell the presence of NUT charge. For example, the self-dual Taub-NUT 
instanton has the same rod structure as that of four-dimensional flat space (in appropriate 
coordinates), while the double-centered Taub-NUT instanton has the same rod structure as 



■^The presence of orbifold singularities is sometimes tolerated in modern contexts such as string theory. 
However, we shall adopt the more traditional viewpoint that regular manifolds should strictly be free of such 
singularities. 
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the Eguchi-Hanson instanton. This is a manifestation of the fact that, in the terminology 
to be introduced in Sec. 3, the rod structure is unable to distinguish between asymptotically 
locally flat gravitational instantons, and their asymptotically Euclidean or asymptotically 
locally Euclidean counterparts. 

Despite these limitations, the rod-structure formalism turns out to be a useful way to 
classify gravitational instantons with U{1) x U{1) isometry. We will show how imposing the 
requirement that adjacent pairs of rod directions are related by GL{2, Z) transformations will 
lead to restrictions on the directions that the various rods can take. For a given number of 
turning points, this will allow us to list down all possible rod structures that would correspond 
to regular manifolds without conical or orbifold singularities if appropriate identifications 
are made. This is done explicitly for the case of two and three turning points. Although 
some of them can be associated to known gravitational instantons, there is a countable 
infinity of new rod structures which can not. It is likely that other considerations (e.g., 
topological constraints or existence of curvature singularities) will rule out many of these 
new rod structures. Nevertheless, it is tantalising to wonder if at least some of them would 
be associated to as yet undiscovered gravitational instantons. 

This paper is organised as follows: In Sec. 2, the stronger version of the rod structure 
with the rod directions appropriately normalised is introduced for five-dimensional black 
hole space-times, and the regularity conditions of these space-times and their background 
spaces are discussed. A brief review of some relevant aspects of gravitational instantons 
is given in Sec. 3. In Sec. 4, the rod structures of various known gravitational instantons 
with U{1) X U{1) isometry are analyzed, and the regularity conditions are checked for each 
case. Some previous results regarding certain of these gravitational instantons are clarified 
in the process. In Sec. 5, we show how the regularity conditions can in principle be used 
to determine all allowed rod structures that could be associated to gravitational instantons, 
and speculate on the existence of possible new gravitational instantons. The paper ends 
with a discussion of some open questions and possible extensions of this work. 

2. The rod structure and regularity conditions 

2.1. The rod structure 

Consider five-dimensional stationary black hole space-times as solutions to the vacuum 
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Einstein equations. We assume, in addition to the Kilhng vector field corresponding to 
time fiow V(o) = ^, the existence of two hnearly independent, commuting, space-hke Kilhng 
vector fields V(i) and V(2), which also commute with V(o)E We also assume the following 
three assumptions hold (here and henceforth in this subsection, we denote i,j = 0, 1, 2): 

(1) The tensor V^(o7V^(i) V^(2) V^1/(^j vanishes at at least one point of the space-time for 
each i. 

(2) The tensor V^^^RJpV^^^V(1]V^^^ = for each i. 

(3) detG is non-constant in the space-time, where Gij = g{V(^i), V(j)) are components of 
the Gram matrix G, and g is the metric of the space-time. 

For the Ricci-fiat space-times considered in this paper, there exists at least one point 
where some linear combination of V(i) and V(2) vanishes, so conditions (l)-(3) will be trivially 
satisfied. Such space-times are referred to as stationary and axisymmetric. It was shown in 
[7] that for such solutions we can find coordinates (with = t), along with p and z, such 
that 



and the metric takes the form 



ds' = G.jdxMx^ + e''^(dp' + d^') . (2.2) 

Here Gij and u are functions of p and z only, and the Gram matrix G is subject to the 
constraint 



p=V|detG|. (2.3) 

The above coordinates {x\p,z) are usually referred to as Weyl-Papapetrou coordinates. In 
these coordinates, the vacuum Einstein equations decouple as 



and 



Zp o 



(2.4) 



*At this point, we do not assume the Kilhng vector field V(i) or V(2) generates closed orbits. It will 
be clear below that although V(i) and V[2) together generate a (7(1) x U{1) isometry group, they may not 
necessarily be the two independent 27r-periodic generators, but instead may be some linear combinations of 
them, so in general the orbits of V(i) or V(2) not periodic. 
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= ^ TT{G-^d^GG-^d,G) . (2.5) 

Notice that the integrabihty of u in (12. 5p is guaranteed by (12. 3p and (12. 4p . Hence, we can 
always solve the vacuum Einstein equations by first solving for G using (12.31) and (12.40 . and 
subsequently solving for u using (12. 5p . 

From the condition (12. Sp . it is clear that the Gram matrix is non-degenerate as long 
as p > 0. At p = 0, it becomes degenerate, so the kernel of G{p = 0, z) becomes non- 
trivial, i.e., dim(ker(G'(0, z))) > 1. It was argued in [7j that in order to avoid curvature 
singularities, it is necessary that dim(ker(G'(0, z))) = 1, except for isolated values of z. 
When this apphes, we label these isolated values as 2:1, ^2, • • • , ^n, with zi < Z2 < ■ ■ ■ < z^, 
and call the corresponding points on the z-axis {p = 0, z = Zi) turning points. These turning 
points divide the z-axis into + 1 intervals (—00, zi], [zi, Z2],. . . , [^at-i, zm], [zn, 00). These 
intervals are known as rods, assigned to a given stationary and axisymmetric solution. For 
clarity of presentation, we label these rods from left to right as rod 1, rod 2, . . . , rod + 1. 

In the interior of a specific rod for {p = 0, Zk < z < Zk+i), the Gram matrix has an 
exactly one-dimensional kernel. It was further shown in [7] that the kernel is constant along 
the rod. In other words, we can find a constant nonzero vector 

v = v^^ = v^V,^ , (2.6) 

such that 

G'(0,z)t; = 0, (2.7) 

for all z G [zk,Zk+i\. The vector v is assigned to this specific rod and is called its direction. 
For a given solution, the specification of the rods and the directions associated with them 
is defined as the (Harmark) rod structure of the solution [71 [8] . Note that in this definition, 
the direction of a rod is not unique; it can be any nonzero vector in the one- dimensional 
kernel of the Gram matrix along the rod. 

The direction of a rod defined above is a Killing vector field of the space-time, written 
in the basis consisting of the three linearly independent and mutually commuting Killing 
vector fields V(j) of the space-time. Without causing confusion, we sometimes also refer 
to it as the associated Killing vector field of that rod. Along a specific rod [zfc,Zfc+i], its 
associated Killing vector field v = v"^-^ vanishes. It was shown in [7] that near the interior 
of the rod (p — )■ 0, 2;^ < z < Zk+i), we have to leading order g{v,v) = Gijv'^v^ = ±a{z)p'^ 
and e^*^ = c'^a{z), where a{z) is a function of z and c a constant. Hence, '^pi^i^^ tends to 
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a constant in the interior of a rod. If it is negative, positive or zero, the rod is said to be 
time-hke, space- hke or hght-hke, respectively. 

For the solutions we are interested in, a rod is either time-like or space-like. A time-like 
rod represents a Killing horizon. If in addition the Killing vector field corresponding to the 
flow of time is normalised at infinity, i.e., 5'(V(o), V(o)) = —1 at infinity, we can choose a 
particular direction v in the one- dimensional kernel of the Gram matrix for the horizon rod 
such that V = {l,Qi,Q2), where the constants Qi and Q2 are formally defined to be the 
angular velocities of the horizon, even though in general, the coordinates and may not 
correspond to any axes. The surface gravity on the horizon k = \/ —^Vfj_.,^v^^''^ (where /i, u 
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run over all the coordinates) is computed to be lim y — Then we can easily see that 
the Killing vector field v/k, has unit surface gravity on the horizon. 

If the rod [zk, Zk+i] is space- like, it will represent a (two-dimensional) axis for its associ- 
ated Killing vector field. Consider the orbits generated by the associated Killing vector field 
near the interior of the rod [p ^ 0, < z < Zk+i) along a constant z surface. It is easy 
to see that there will be a conical singularity unless the orbits generated by the associated 
Killing vector field v = (the direction of this rod) are identified with period [7] 



At] = 27rlim . . , (2.8) 

for z G (-2fc, 2:^+1). We define the Euclidean surface gravity on this rod for its associated 
Killing vector field v ?\js, ke = \ \v^-uV^'" = lim y '^1^2^ ■ Then the Killing vector field 

V ' rod p— >0 V P 

v/ He will have unit Euclidean surface gravity on the rod, and its orbits should be identified 
with period 2tt in order to avoid a potential conical singularity along the rod. 

Thus it is natural to fix the freedom in the direction of a rod by choosing one particular 
vector in the kernel of the Gram matrix along the interior of the rod, such that it has unit 
surface gravity for a time-like rod and unit Euclidean surface gravity for a space-like rodj^ 
This fixed direction is referred to as the normalised direction of the rod. For a given solution, 
the specification of the rods and the normalised directions associated with them is referred 
to as the rod structure of the solution. From now on, the associated Killing vector field of a 
rod refers only to its normalised direction, and the rod structure of a solution refers only to 
the stronger version of the rod structure defined here with the rod directions appropriately 
normalised. 



^This normalisation of the direction was previously performed, e.g., in [27l [28l [29] , 
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We note that the normahsed direction of a rod defined above can differ by a minus sign, 
but it does not make a difference in the treatment of this paper. We also note that if the 
previously defined three linearly independent and mutually commuting Killing vector fields 
V(j) satisfy conditions (l)-(3), so do the three new KiUing vector fields V(j) = -^ijVf^j) provided 
the matrix A^j is constant and non-singular. We further take Aqq — 1 and Aqi — Aq2 — 0, so 
that V(o) = V(o) is also normalised at infinity. Then we can introduce new Weyl-Papapetrou 
coordinates (x*, p, z) such that V(i) = It can be shown that they are related to the old 
coordinates {x\ p, z) simply by a linear coordinate transformation 

up to harmless translations of and z, all of which are chosen to be zero. Also we always 
have the freedom to choose z = |^^^^"';^. z. So we can clearly see that for a given solution, if 
{p = 0,z = Zk) is its fc-th turning point in the old coordinates, then (p = 0, 5 = |det(74jj)| Zk) 
is its A:-th turning point in the new coordinates. Furthermore, if Vk = v'k-^ is the normalised 
direction for its k-ih. rod in the old coordinates, then Vk = ^1-^ = Vk with vl = vl,{A~^)ji 
is the normalised direction for its A;-th rod in the new coordinates. In other words, the nor- 
malised directions, though expressed in the new basis consisting of the three Killing vector 
fields V(j), are invariant under the above coordinate transformation. Hence, for a physical 
space-time, different choices of the two space-like Killing vector fields, and so the corre- 
sponding Weyl-Papapetrou coordinates, lead to slightly different rod structures. However, 
in most cases, it is advantageous to make a particular choice of the two space-like Killing vec- 
tor fields, and thus fully determine the Weyl-Papapetrou coordinates and the corresponding 
rod structure (up to a minus sign for the directions) for a solution. In the following sub- 
section, the rod structure in standard orientation for different cases is defined by making a 
particular choice of these two space-like Killing vector fields, so that the rod directions have 
very simple expressions. 

Finally, we point out that the results of this subsection are not necessarily confined to 
five space-time dimensions. They can readily be extended to any D-dimensional {D > 4) 
stationary space-time with D — 3 linearly independent, mutually commuting, space- like 
Killing vector fields V(i), i — 1, . . . , D — 3. 

2.2. Regularity conditions 

We now focus on the necessary conditions for these black hole space-times to be regular. 
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by which we mean free of conical and orbifold singularities. Let us denote the pair of 
independent generators of the U{1) x U{1) isometry group by {61,62}, which are assumed 
to generate the actions of the respective U{1) factors, and are normalised to have period 27r. 
Then the Killing vector field i = aiei + 0262 will generate a U{1) isometry subgroup whose 
orbits are periodic with period 27r if ai and 02 are coprime integers; on the other hand, if 
ai and 02 are any real numbers other than coprime integers, ^ will generate an isometry 
subgroup with orbits that are either non-periodic, or periodic but with a period different 
from 27r. Suppose the solution has a space-like rod with (normalised) direction v. Recall 
that to avoid a potential conical singularity, the orbits generated by v must have period 2tt 
in the vicinity of this rod. So it is clear that we must have v = aiCi + 0262 for some coprime 
integers ai and Hence, in the basis consisting of (61,62), the two components of the 
direction of any space-like rod must be coprime integers. 

If two space-like rods [zk-i, Zk] and [zk, Zk+i], with their corresponding directions Vk and 
Vk+i (in the basis (61, 62)), intersect at the turning point {p = 0, z = Zk), & further condition 
should be satisfied P [10] : 

det{vlvi_^,) = ±l, (2.10) 

for i,j = 1,2, to avoid a possible orbifold singularity at that point. If this condition is 
satisfied, the Killing vector fields {vk,Vk+i} generate U{1) isometry subgroups with 27i- 
periodic orbits independently; any Killing vector field that is a linear combination of Vk 
and Vk+i will generate a U{1) isometry subgroup with 27r-periodic orbits if and only if 
the coefficients are coprime integers. And indeed, since {vk,Vk+i} is related to {61,62} 
by a GL{2, Z) transformation, they can serve as another pair of independent 27r-periodic 
generators of the U{1) x f/(l) isometry group P ITU]. 

Hence, for the regular solutions considered in this paper, we can identify the directions 
of any two adjacent space-like rods as the pair of independent 27r-periodic generators of the 
U{1) X U{1) isometry group. Without loss of generality, we can take the directions of the 
left-most pair of adjacent space-like rods to be the pair of independent generators of the 
isometry group. If these two rod directions are related to the directions of the first and last 
(semi- infinite) rods by a GL{2, Z) transformation, then the latter two rod directions can serve 
as the pair of independent generators instead. This is not guaranteed to happen, however. 
Contrast this to the five- dimensional case in [9l [T0|, where the asymptotic geometry of the 

^We assume that in the basis consisting of (V(o) — ^,61,62), the direction v of any space-hke rod does 
not have a V(o) component. If this were not the case, periodicity conditions imposed on the orbits of v will 
impose certain identifications on the time coordinate t. 
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space-times considered is the direct product R^'^ x T^-^-i^ and the independent generators 
of the U{1) X U{1) isometry group are assumed to generate either the standard rotations of 
the asymptotic Minkowski space-time M*'^ or the flat torus As will be clear below, 

the solutions considered in this paper have very different and sometimes more complicated 
asymptotic geometries, from which the pair of independent 27r-periodic generators of the 
f/(l) X U{1) isometry group cannot be simply identified. 

In the case when the first and last (semi-infinite) rods of a particular solution are not 
parallel, it is useful to introduce Weyl-Papapetrou coordinates defined by taking {V(i) = 
i^Tv+i, V(2) = i^ji, where ii and In+i are the (normalised) directions of the first and last 
rods respectivelyO In the event that the first and last rods are parallel, we can introduce 
Weyl-Papapetrou coordinates defined by taking {V(i) = ±ia,V{2) = ±^1} instead, where ia 
is the direction of the second space-like rod from the left such that 7^ In either 

case, we say that the rod structure has been put in standard orientation. As we shall see in 
Sees. 4 and 5, putting rod structures in standard orientation is a useful way to check if two 
rod structures are equivalent up to a coordinate transformation, and to compare different 
rod structures. 

On the other hand, in the particular Weyl-Papapetrou coordinates defined by taking 
{V(i),V(2)} as the pair of independent 27r-periodic generators {61,62} of the U{1) x f/(l) 
isometry group, the lengths of the rods in the rod structure will be invariants for isometric 
space-times. Together with the directions of space-like rods, and certain asymptotic quanti- 
ties, they were used to characterise a solution in P HD] for the black hole space-times defined 
therein. We note that the topology of the event horizon can also be read off from the rod 
structure; in particular, it is determined solely by the directions of the two space-like rods 
that are adjacent to the time-like rod representing the horizon. 

Even if the solution under consideration is regular, we should point out that Weyl- 
Papapetrou coordinates are not able to furnish a coordinate chart along the rods. In partic- 
ular, the metric in these coordinates fails to be analytic at a turning point {p = 0, z = Zk) 
where two space- like rods intersect, and local coordinates need to be constructed. We note 
that, by identifying the orbits generated by {C-kAk+i} with period 27r independently, the 
metric in the vicinity of the turning point for a constant time slice can be brought into the 
standard form of four- dimensional flat Euclidean space E'^ near the origin [501 El E] : 

ds^ = dr^ + r^dc/)^ + dr^ + r^d(/)^ , (2.11) 



""Of course, we could have taken {V(i) — ±^1, V(2) = i^w+i} instead. The particular convention above is 
used so as to be consistent with the examples considered in Sec. 4. 
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with ri,r2 > 0, and with and ^ identified with and ik+i respectively (so that 0i 
and 02 have period 27r independently). For more detailed aspects of the behaviour of the 
space-time near the rods and turning points, and the construction of local coordinates at 
these locations, the reader is referred to [9l [TOl [TTl [30] . 

It may also be worthwhile to point out a fibre-bundle viewpoint of the space-times 
considered here, following the approach of [9l [TOl [11] . Let M be the domain of outer com- 
munication of the five-dimensional black hole space-time. Since we assume a ^ = M x T 
isometry group for M, it is interesting to see what the orbit space M = M/Q is. For the 
black hole space-times defined in [HI UHl E] , the orbit space M is a two-dimensional mani- 
fold with boundaries and corners. It turns out that the same thing holds for the space-times 
considered here,^ We can further map the orbit space analytically to the upper-half complex 
plane, and introduce globally defined coordinates (p, z) such that Ad = {z + ip E C \ p > 0}. 
These coordinates coincide with the Weyl-Papapetrou coordinates defined above by taking 
{^(1) = ei,V(2) = 62}, up to a possible translation and refiection of z (we can always ap- 
propriately choose them so that they are identical). The boundary p = of M consists 
of a sequence of line segments and corners (intersections of the line segments). The line 
segments, which correspond to axes or horizons, coincide with the previously defined rods 
of the solution; while the corners, which correspond to points where the axes intersect, or 
to points where axes intersect with horizons, coincide with the previously defined turning 
points. Thus the space-times considered here, with the axes and horizons removed, can be 
taken as a ^-principal fibre bundle over the upper-half complex plane M, with the projection 
map naturally sending a point in the space-time to the corresponding point in the orbit space 
M. 

When we remove the black hole, together with the time dimension t, from the space-time 
(so the Killing vector field V(o) = ^ no longer exists), our analysis applies to four-dimensional 
manifolds / with Euclidean signature, and with an isometry group T = U{1) x U{1). This is 
actually the situation relevant for the gravitational instantons considered in this paper. In 
this case, any rod in the rod structure is space-like and represents a (two-dimensional) axis, 
and the turning points are the (zero-dimensional) intersection points of these axes. The orbit 
space / = I/T of these manifolds is similar to that of the black hole space-times with isometry 
group ^ = M X T analyzed above, except that there are no boundary segments representing 



*It was assumed in 9 , and subsequently proved in T^, that the orbit space M does not contain conical 
singularities due to the possible presence of points with discrete isotropy group. We believe that a similar 
result will hold for our case under suitable technical assumptions, but a proof of this is beyond the scope of 
the present paper. 
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the horizons, and no boundary corners representing points where horizons intersect with 
axes. With all the axes removed, the isometry group T = f/(l) x f/(l) naturally gives these 
manifolds a T-principal fibre bundle structure over the base space I = {z + ip ^ C \ p > 0} . 

We remark that the space-times or spaces considered in this paper, as manifolds with 
M X f/(l) X U{1) or U{1) X f/(l) action respectively, are uniquely determined by the rod 
structure [TOl [311 [32]. For any given rod structure satisfying the regularity condition f l2.10p . 
the manifold can in principle be constructed from it. 

Finally, we note that the above necessary regularity conditions can be generalised to 
stationary black holes in D > 5 space-time dimensions with M x U{1)^~^ isometry f7\ [TU]. 
or their regular (D — l)-dimensional spatial backgrounds with U{1)^^^ isometry. The orbit 
space will again be a two-dimensional manifold with boundaries and corners homeomorphic 
to the upper-half complex plane. However, the directions of any two adjacent space-like rods 
intersecting at a turning point must now satisfy a new condition instead of fl2.10p . as shown 
in [To]. This makes the analysis of the necessary regularity conditions at the turning points 
of these space(-times) more involved than the five- dimensional case considered here. 

3. Review of gravitational instantons 

Gravitational instantons are defined as non-singular four- dimensional Euclidean solu- 
tions to the Einstein equations [18]. As gravitational analogues of Yang-Mills instantons, 
they are stationary phase points of the path integral in Euclidean quantum gravity, and 
provide tunnelling amplitudes between topologically distinct gravitational vacua. When the 
cosmological constant A = 0, gravitational instantons are nothing but Ricci-fiat Riemannian 
4- manifolds. Reviews on gravitational instantons may be found in [33| [Ml [35] . 

Gravitational instanton symmetries have been classified by Gibbons and Hawking [T8] . 
In their paper, one-parameter isometry group actions of a gravitational instanton were clas- 
sified by their two possible types of fixed points: isolated points called nuts and 2-surfaces 
called bolts. For example, the isometry parameterised by the Euclidean time coordinate has 
a bolt at the (Euclidean) horizon for the Euclidean Schwarzschild instanton; while it has 
two isolated nuts, respectively located at the two poles of the (Euclidean) horizon, for the 
Euclidean Kerr instanton with nonzero rotation parameter. But often the isometry group of 
a gravitational instanton is more than one-dimensional, and one has to pick out a particular 
one-parameter isometry subgroup, to see whether its fixed points are nuts or bolts. If the 
gravitational instanton admits a U{1) x f/(l) isometry group, there are in fact infinitely many 
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possible choices of this one-parameter isometry subgroup, and the corresponding fixed-point 
set depends on this choice. 

Recall that in the rod structure of a gravitational instanton with U{1) x f/(l) isometry, 
we have the property that along a (space-like) rod, its associated Killing vector field vanishes. 
So a rod represents a two-dimensional fixed-point set, and thus a bolt, for its associated 
Killing vector field. At a turning point where two adjacent rods intersect, both the Killing 
vector fields associated to the two rods vanish. Thus a turning point is a fixed point for 
the whole U{1) x f/(l) isometry group. It represents a nut for any Killing vector field that 
generates isometrics in the U{1) x U{1) group, provided it is linearly independent with each 
of the directions of the two adjacent rods. Moreover, there are no nuts or bolts away from 
the rods and turning points, with p > 0. Hence, it will be clear where the nut and bolt 
fixed points will be for any Killing vector field which generates isometrics in the x f/(l) 
group, once we know the rod structure of the gravitational instanton. 

As mentioned in Sec. 2.2, the gravitational instantons, as manifolds, are uniquely de- 
termined by the rod structure, so it is natural to relate their topological invariants to their 
rod structures. It turns out that the Euler number of these gravitational instantons can be 
easily read off from the rod structure. The Euler number of a compact manifold M with 
a one-parameter isometry group is xl^] = X] Xi + S I5 where the bolts and nuts are all 

bolts nuts 

referred with respect to that one-parameter isometry group, and Xt is the Euler number for 
the i-th bolt [THJ [23|. The result does not depend on choice of the one-parameter isometry 
group. This formula also holds for manifolds with boundary provided that the Killing vector 
field corresponding to the one-parameter isometry group is either everywhere tangential or 
is everywhere transverse to the boundary. The gravitational instantons considered in this 
paper satisfy this condition. For a compact bolt in the current context, it is easy to show 
that it will always have topology 5*^, and so have Euler number 2. Then we can see that 
the Euler number for a gravitational instanton with U{1) x f/(l) isometry is nothing but the 
number of turning points in the rod structure. 

We note that it may also be possible to read off the Hirzebruch signature r[M] from 
the rod structure, using the results of [HI [23]. These results rely upon defining the type 
{p,q) of a nut for a one-parameter isometry group as was done in [18j. Now, it is possible 
to calculate the (p,„-type of each nut fron, the .od *uctu.ei However, there are certain 



^This can be done by constructing consistently oriented coordinate charts near the rods and turning 
points, and requiring appropriate relations between these local coordinate charts and the directions of rods. 
By doing this, it is actually possible to fix the directions of all the rods up to an overall sign. 
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subtleties involving the boundary terms in the formula for r [M ] , and we will not discuss the 
computation of the Hirzebruch signature nor the {p, g)-nut-type formalism any further here. 

All the explicitly known gravitational instantons with A = 0, except for with a 
flat metric, are non-compact with "infinities". It is convenient to regard these gravitational 
instantons as compact spaces with boundary, where the boundary recedes to infinity. De- 
pending on the behaviour near their infinities, the known gravitational instantons fall into 
four types: asymptotically (locally) Euclidean or asymptotically (locally) flat [36j. A grav- 
itational instanton is said to be asymptotically locally Euclidean (ALE) if near infinity it 
is diffeomorphic to M x (S^/F) where F is a non-trivial discrete subgroup of 5*0(4) with 
free action on S^, and if the metric tends to the standard fiat metric at least as fast as 
(proper distance)"^. In the trivial case when F is the identity, the gravitational instanton 
is said to be asymptotically Euclidean (AE). If near infinity, the metric instead tends to 
ds^ = dr^ -|- r^{al + al) + o"| at least as fast as (proper distance)"^, where {ai, cr2, as} are 
the left-invariant one-forms on 5*^, the gravitational instanton is said to be asymptotically 
locally fiat (ALF). If near infinity a gravitational instanton is diffeomorphic to M x M x 5*^ 
with identifications made on one of the M's (along with a possible translation along the az- 
imuthal coordinate of S*^), and if the metric tends to a standard fiat metric at least as fast 
as (proper distance)"^, the gravitational instanton is said to be asymptotically flat (AF). 
We should note, however, that an AF gravitational instanton is not an ALF gravitational 
instanton with F = 1. 

The topology of infinity can readily be read off from the rod structure. First of all, we 
note that there is an induced U{1) x U{1) isometry group action on the boundary surface at 
infinity. In the orbit space, infinity is then represented by a curve far away from any of the 
finite rods, intersecting only with the first and last (semi-infinite) rods. Suppose that the 
normalised directions of these two rods are £i = (pi, qi) and ^N+l = {P2, 12) (expressed in the 
basis (ei, 62) consisting of the pair of independent 27r-periodic generators of the U{1) x U{1) 
isometry), the topology of infinity is then a lens space L{qip2 —piq2, Wiqi —W2P1), where the 
integers Wi,W2 solve the equation Wiq2 — W2P2 = ±1 [9j- As we have shown, we can always 
take {ei = £2,62 = ii}. If In+i = o-h + bi2, we have (pi,gi) = (0,1) and {p2,q2) = ib,a). 
The topology of infinity is then L{b,Wi), where Wi solves the equation awi — bw2 = ±1. 
Since we have now awi = ±l(mod b), the topology of infinity is L{b,wi) = L{b,a). 

Notice that in the case of an AF gravitational instanton (with U{1) x U (1) isometry), its 
infinity will have topology L(0, 1) = x S*^. The infinity of an AE gravitational instanton 
will have topology L(l, 0) = 5''^. In the case where F is the cyclic group Zp, the infinity of 
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an ALE gravitational instanton will have a general lens-space topology L{p, q), with p > 2; 
on the other hand, the infinity of an ALF gravitational instanton can have either topology 
L(l, 0), or L(p, q) with p > 2. 

4. Rod structures of known gravitational instantons 

In this section, we analyze the rod structures of known gravitational instantons with 

a U{1) X U{1) isomctry group. Wc first try to adopt their metrics in the most commonly 
used form, written in the coordinate system {ip, 0, r, 6). All these metrics are independent of 
the two coordinates ('*/', 0). For each gravitational instanton, we then take the two linearly 
independent and commuting Killing vector fields as {V(i) = ^,V(2) = and define the 
corresponding Weyl-Papapetrou coordinates {x^ = ip^x^ = (j),p,z). The rod structure of 
the gravitational instanton is then analyzed. As mentioned in Sec. 2.2, all the rods will 
be space-like, and their directions arc written in the form (01,02) for simplicity, which is, 
in fact, + 0,2-^- The pair of independent 27r-periodic generators of the U{1) x f/(l) 
isometry group of the gravitational instanton is then identified. Wc also introduce new Weyl- 
Papapetrou coordinates {x^ = ■0, = 0, p, z), in which the rod structure of the gravitational 
instanton has standard orientation. Then the topology of constant r surfaces is studied, and 
we also point out, in several cases, that the rod structure alone cannot uniquely determine 
a solution. 

4-1- Four- dimensional flat space 

Four-dimensional flat (Euclidean) space has the well-known metric 

ds^ = dr^ + r^{de^ + sin^ 9 d^^ + cos^ 6 d^^) , (4.1) 

where r and 9 take the ranges r > and < ^ < |. 

The Weyl-Papapetrou coordinates (■0, 0, p, z) are related to the above coordinates by 

1 1 

p = - sin 2^ , ^^2^'^ ' ^^'^^ 

In these coordinates, the rod structure has just a single turning point, at {p = 0,z = 0) or 
(r = 0). It divides the ^-axis into two rods: 
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Figure 1: The rod structure of four-dimensional flat space and the self-dual Taub-NUT 
instanton in standard orientation. 

• Rod 1: a semi-infinite rod located at (p = 0, 2; < 0) or (r > 0, 5 = |), with (normalised) 
direction £1 = (0, 1). 

• Rod 2: a semi-infinite rod located at (p = 0, 2; > 0) or (r > 0, ^ = 0), with (normalised) 
direction £2 = (1, 0). 

This rod structure is illustrated in Fig. 1. 

In this rod structure, the two semi-infinite rods 1 and 2 intersect at the origin. So 
the orbits generated by {ii,^} should be identified with period 27r independently to ensure 
regularity, i.e., 

(^, 0) ^ (V^, + 27r) , (z^, 0) ^ (z^ + 27r, 0) . (4.3) 

Here and henceforth, we assume implicitly that all the identifications are made for fixed 
{p,z). Thus the direction pair {^1,^2} is identified as the pair of independent 27r-periodic 
generators of the U{1) x U{1) isometry group of four-dimensional fiat space. 

Surfaces of constant r carry a naturally induced U{1) x f/(l) isometry group. They are 
represented by constant r curves in the (p, z) half-plane of the orbit space. The analysis of 
their topology simply follows from the analysis done in Sec. 3 for the topology of infinity of 
a gravitational instanton. It is then obvious that surfaces of constant r > in this case have 
topology S^; they shrink down to a single point at r = 0. It turns out that four- dimensional 
fiat space is the unique AE gravitational instanton |37j . 

4-2. Euclidean self-dual Taub-NUT instanton 

The Euclidean self-dual Taub-NUT instanton [TBI IIZl has the metric 

ds^ = H-\d^ + 2n cos ^ d0) V H{dr^ + r^dB^ + sin^ ^ d0^) , (4.4) 

where if is a harmonic function on defined as if = 1 + The parameter n and 
coordinates r, d take the ranges —00 <n<oo, r>0, 0<^^<7r. 
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The Weyl-Papapetrou coordinates {ip, cj), p, z) are related to the above coordinates by 

p = rsin^, 2; = rcos^. (4-5) 

In these coordinates, the rod structure has a single turning point at (p = 0, ^ = 0) or (r = 0), 
just as that of four- dimensional fiat space. It consists of the following two rods: 

• Rod 1: a semi-infinite rod located at (p = 0, z < 0) or (r > 0, = vr), with direction 
£i = (2n,l). 

• Rod 2: a semi-infinite rod located at (p = 0,2; > 0) or (r > 0,6* = 0), with direction 
£2 = (-2n,l). 

In this rod structure, the two semi-infinite rods 1 and 2 intersect at the single turning 
point. So the orbits generated by {£1,^2} should be identified with period 2ti independently 
to ensure regularity, i.e., 

(^, 0) ^ + 4n7r, + 27r) , 0) - 4n7r, + 27r) . (4.6) 

The direction pair {£1, £2} is then identified as the pair of independent 27r-periodic generators 
of the U{1) X f/(l) isometry group of the self-dual Taub-NUT instanton. 

Now, it will prove to be convenient to define a new Killing vector field ^3 = ^1 — ^2- 
Then {£1, ^3} is related to {^1, ^2} by a GL{2, Z) transformation, so {ii, £3} can also be taken 
as the pair of independent 27r-periodic generators of the U{1) x f/(l) isometry group. Since 
£3 = (4n, 0), we thus have another different but equivalent version of the identifications that 
can give a regular self-dual Taub-NUT instanton: 

(V-, 0) ^ (V" + 4n7r, + 27r) , (^, 0) ^ + 8n7r, 0) . (4.7) 

To make contact with other commonly used forms of this gravitational instanton, define 
a new coordinate ips = ip ~ 2^^0 [25] . Then the metric (14. 4p takes the form: 

ds^ = H-\il^s + 2n(l + cos 9) d0]2 + H{dr'^ + rM^^ + sin^ 9 d0^) . (4.8) 

The corresponding Weyl-Papapetrou coordinates are {ips,4>, P, z); by changing to these co- 
ordinates, the directions of the two semi-infinite rods are now £[ = (0, 1) and £'2 = (— 4n, 1) 
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respectively (in the basis Then we can take ^'1—^2} the pair of independent 

27r-periodic generators of the U{1) x f/(l) isometry group of the self-dual Taub-NUT instan- 
ton, as they are related to {^'1,^2} by a GL(2,Z) transformation. Since £[ — £'2 = (4n, 0), 
the coordinates ips and in the metric ( 14 .Sp should be identified with periods Snir and 2tt 
independently, i.e., 



i^Ps, 0) ^ (^5, + 27r) , 0) ^ (^/'s + Srni, 0) . (4.9) 

Alternatively, we may define ipN = '4^ + 2n0 and show that the same identifications as (14. 9 p 
(with ips changed to iPn) should be made. Indeed, the two coordinate systems (-05,0, t,6') 
and (■0Ar,0, r, 0) were first used by Misner [25] to remove the so-called Dirac-Misner string 
singularities along the south {6 = it) and north pole {6 = 0) of the gravitational instanton, 
respectively. To ensure that the two coordinate systems are glued together in a compatible 
way in their overlapping region, Misner inferred the identifications (14. 9 P and similarly for 
i/jn- Here, we have obtained the same identifications by ostensibly different arguments. 

We emphasize that the metric (14. 4p together with identifications (14. 7p . or the metric 
(14. 8 p together with identifications (14. 9p . can give the regular self-dual Taub-NUT instanton. 
But we note that in the literature identifications such as (14. 7p or (14. 9 p are sometimes misused. 
Taking for example, the metric (14. 4 p with the identifications (14. 9 p (with ips changed to tp), 



would result in a space with conical singularitieso In this case, cannot be a periodic 
coordinate with period 27r, unless when accompanied by a translation in ip. 

It is possible to find a new set of coordinates in which the two rod directions have very 
simple forms. If n 7^ 0, we have £1 7^ £2- Then we simply take {V(i) = £2, V(2) = ^1} and 
define the corresponding new Weyl-Papapetrou coordinates (x^ = ip,x^ = 0, p, z), such that 
Vi = It is easy to show they are related to the old coordinates (14. 5 p by 

^ = -2n{ip - 4)) , = V^ + 0, P = 7^P, 2^ = 7^5- (4.10) 

4|n| 4\n\ 

In these coordinates, the single turning point is located at (p = 0, z = 0), and the directions of 
the two semi-infinite rods are simply Ki = (0, 1) and K2 = (1, 0). This is illustrated in Fig. 1. 



^"^Identifying ip and (p in the metric (I4.4[) with periods 8mr and 27r independently is equivalent to identifying 
(4n^, ^) as the pair of independent 27r-periodic generators of the U{1) x U{1) isometry group. In the basis 

(4n^, we have £1 = (i, 1), and £2 — (^5, !)■ Since the components of l\ and li are now not integer- 
valued, there are conical singularities along the corresponding two semi-infinite rods. Similar observations 
have been made in the past by Feinblum |38) . 
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We say that the rod structure of the self-dual Taub-NUT instanton has standard orientation 
in the new Weyl-Papapetrou coordinates (■?/', 0, p, 5). The direction pair {Ki,K2} is then 
identified as the pair of independent 27r-periodic generators of the [/(I) xf/(l) isometry group. 
So in the new Weyl-Papapetrou coordinates, instead of (14. 6p . the following identifications 
should be made to ensure regularity: 

0) ^ (V^, + 27r) , (iP, 4>)^{i' + 27r, 0) . (4.11) 

Now we can see that, in appropriately chosen coordinates, the self-dual Taub-NUT 
instanton with nonzero NUT charge n has exactly the same rod structure as four- dimensional 
flat space. Furthermore, the self-dual Taub-NUT instanton with different NUT charges n 
all share the same rod structure. This is an example of the fact that the rod structure alone 
cannot uniquely determine a solution. 

From the rod structure in standard orientation, we can easily see that, just as in the 
case of four-dimensional flat space, surfaces of constant r > have topology S^, and they 
shrink down to a point at r = 0. At inflnity r — )■ oo, the self-dual Taub-NUT instanton 
approaches a flnite flbre bundle over an 5*^. This is nothing but the well-known Hopf 
flbration of S^. The Killing vector fleld ^ generates the flnite flbre at inflnity, with a 



constant size Snn. It can be checked that the sel: 



-dual Taub-NUT instanton is ALF with 
and we thus recover a three-dimensional 



r = 1. When n 0, the 5*^ dimension vanishes ji^ 
flat space; on the other hand, when n oo, the dimension blows up, and we recover a 
four-dimensional flat space. 

We note that the above non-uniqueness result does not violate the uniqueness theorem 
proved by Hollands and Yazadjiev [10], as the self-dual Taub-NUT instanton is not within the 
class of spatial backgrounds of the solutions considered in [10]. Recall that the asymptotic 
geometry of the space-times considered in |10j is W'^ xT^^^^^, with an Mx [/(l)"^^^ isometry 
group. The latter generates translations along time, and the standard rotations in the 
Minkowski space-time and the flat torus T^^^^^. On the other hand, the self-dual 
Taub-NUT instanton approaches a non-trivial flbre bundle over S"^ at inflnity, with a 
crucial non-vanishing g^^ cross term. In this case, the pair of independent 27r-periodic 
generators {^1,^2} of the U{1) x f/(l) isometry group generates rotations along the south 
and north poles respectively of a distorted S^. 



^^This can be seen from the metric (|4.4p . together with the identifications (|4.7p . ip has a period which 
vanishes when n — 0, so the dimension shrinks down to zero. 
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4-3. Euclidean Schwarzs child instanton 

The Euclidean Schwarzschild instanton has the metric 

ds2= ('l-^^dV'2+ fl-— ^ \r' + r\de' + sm'9d<p'), (4.12) 



where the parameter m and coordinates r, 6 take the ranges r > 2m > 0, < 6 < n. 

The Weyl-Papapetrou coordinates {ip, 0, p, z) are related to the above coordinates by 



p = ^/r"^ — 2mr sin 6 , z = {r — m) cos 6. (4-13) 

In these coordinates, the rod structure has two turning points at (p = 0, z = = —m) or 
(r = 2m, 6 = it), and at (p = 0, z = ^2 = '^) ot (r = 2m, ^ = 0). They divide the z-axis into 
three rods; from left to right they are: 

• Rod 1: a semi-infinite rod located at (p = 0, 2; < zi) or (r > 2m, 6 = n), with direction 
^i = (0,l). 

• Rod 2: a finite rod located a.t {p = 0, zi < z < Z2) or (r = 2m, < < vr), with 
direction £2 = (4m, 0). 

• Rod 3: a semi-infinite rod located at (p = 0, 2; > Z2) or (r > 2m, ^ = 0), with direction 

4 = (0,1). 

It is straightforward to check that the direction pairs {£±,£2} and {^2,^3} of adjacent 
rods are related by a GL{2, Z) transformation. To ensure regularity, the orbits generated by 
say the first direction pair {£1,^2} should be identified with period 271 independently, i.e., 

i^, 0) ^ (V^, + 27r) , iij, 0) ^ (^ + Smvr, 0) . (4.14) 

The direction pair {ii,i2}, or equivalently {^25^3}, is then identified as the pair of indepen- 
dent 27r-periodic generators of the f/(l) x f/(l) isometry group of the Euclidean Schwarzschild 
instanton. 

If m 7^ 0, we can put the rod structure in standard orientation by taking {V(i) = 
•^2, V(2) = £1}. The corresponding new Weyl-Papapetrou coordinates (-0,0, p, 5) are related 
to the old coordinates (14.131) by 



(4.15) 



(0,1) (1,0) (0,1) 

(a) • • ^ z 

(0,1) (i,i) (1,0) 

(b) • • ^ z 
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(0,1) (1,1) (1,0) 

(c) • • ^ z 



Z\ Zi 

Figure 2: The rod structure of: (a) the Euchdean Schwarzschild and Kerr instantons; (b) the 
Eguchi-Hanson and double-centered Taub-NUT instantons; and (c) the Taub-bolt instanton; 
all in standard orientation. 

The two turning points are now pushed to (p = 0, 5 = 5i = — 4m^) and (p = 0, 5 = ^2 = 
4m^), and the corresponding directions of the three rods from left to right are K\ = (0, 1), 
K2 = (1, 0) and = (0, 1). This is illustrated in Fig. 2(a). It is clear that in the new Weyl- 
Papapetrou coordinates, the following identifications should be made to ensure regularity: 

(^, 0) ^{tP,4> + 27r) , (^, 0) ^ (V^ + 27r, 0) . (4.16) 

The topology of the constant r > tq surfaces is S'^ x S"^, with £2 and ii being the 
generators of the rotations for 5*^ and 5*^ respectively. When r — )■ 2m, the vanishes, 
and the constant r surface becomes a two-sphere S*^ at r = 2m. At infinity r — )■ 00, 
the dimension approaches a constant size Smir. It can be checked that the Euclidean 
Schwarzschild instanton is AF. When m — )■ 0, the dimension vanishes, and we recover a 
three-dimensional fiat space. 

As a final remark, note that if we take the limit m — )■ without imposing the second 
identification of ( I4.14p . we obtain a f/(l) xM^ space with fiat metric, in which the coordinate 
parameterising the U{1) can have any period. It is the trivial AF gravitational instanton, 
whose rod structure consists of a single infinite rod with direction (0,1). 
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4.4- Euclidean Kerr instanton 

The Euclidean Kerr instanton 1201 has the metric 



. A(dV' + asin2^d0)' sin^ ^ [ad^/^ - (r2 - a2) d0]2 /dr^ 
ds^ = ^ + ^ ^ ^— ^ + + d0M, (4.17) 

where S and A are defined as 

S = - a^cos^^, A = - 2mr - (4.18) 

The parameters m, a and coordinates r, take the ranges m > 0, — cxd < a < oo, r > ro, 
< < TT, where tq is defined as the larger root of A, i.e., tq = m + \frnF+~cfl. 

The Weyl-Papapetrou coordinates {ifj^ct), p^z) are related to the above coordinates by 



p = ^/r"^ — 2mr — sin , z = {r — m) cos6 . (4.19) 
In these coordinates, the rod structure is similar to that of the Euclidean Schwarzschild 



instanton. There are two turning points, located at {p = 0,z = Zi = —\frr?^^r(?^ or 
(r = ro, 6* = tt), and (p = 0, 2 = ^2 = vm^ + o^) or (r = rg, 6* = 0). They divide the z-axis 
into three rods; from left to right they are: 

• Rod 1: a semi-infinite rod located at (p = 0, z < z\) or (r > tq, ^ = vr), with direction 
^i = (0,l). 

• Rod 2: a finite rod located at (p = 0, Zi < z < Z2) or (r = ro,0 < < vr), with 
direction £2 = i'^^^)^ where ke is the Euclidean surface gravity on the horizon and 

is the Euclidean angular velocity of the horizon, given by 



2 



Ke = , , Qe = , . (4.20) 

2m{m + vm^ + a^) 2m{m + ym? + a?) 

• Rod 3: a semi-infinite rod located at (p = 0, 2; > Z2) or (r > tq, ^ = 0), with direction 
£3 = (0,1). 

It is straightforward to check that the direction pairs and {£2,^3} of adjacent 

rods are related by a GL{2, Z) transformation. To ensure regularity, the orbits generated by 
say the first direction pair {^1,^2} should be identified with period 2tt independently, i.e., 

{^P, 0) ^ (V-, + 27r) , {ij, (P)^(^ + —,4>+ '^^] . (4.21) 



Ke Ke 
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The direction pair {ii,i2}, or equivalently {£2,^3}, is then identified as the pair of inde- 
pendent 27r-periodic generators of the U{1) x U{1) isometry group of the Euchdean Kerr 
instanton. 

Obviously, when a — )■ we recover the Euchdean Schwarzschild instanton from the 
Euchdean Kerr instanton. On the other hand, when m — )■ we recover a three-dimensional 
flat space in a new form; this is similar to the m — )■ limit of the Euclidean Schwarzschild 
instanton. 

If m 7^ 0, we can put the rod structure in standard orientation by taking {V(i) = 
^2,V(2) = ^i}- The corresponding new Weyl-Papapetrou coordinates {ip, (p, p, z) are related 
to the old coordinates ( I4.19p by 

V' = — ^, (j) = — i> + (j) , p = keP, z = kez. (4.22) 
Ke Ke 



The two turning points are now pushed to [p = 0,z = zi = —2m{m + \^m? + a?)) and 
(p = 0,z = Z2 = 2m.{m + y/m'^ + o-^)), and the corresponding directions of the three rods 
from left to right are Ki = (0, 1), K2 = (1, 0) and = (0, 1). This is illustrated in Fig. 2(a). 
In the new Weyl-Papapetrou coordinates, the following identifications should be made to 
ensure regularity: 

(^, 0) ^ (^, + 27r) , (^, 0) ^ (^ + 27r, 0) . (4.23) 

As in the case of the Euclidean Schwarzschild instanton, the topology of the constant 
r > To surfaces is 5*^ x S^, with £2 and ii being the generators of the rotations for and 
S"^ respectively. When r — t- tq, the vanishes, and the constant r surface becomes a two- 
sphere 5*^ at r = tq. But unlike the situation in the Euclidean Schwarzschild instanton, the 
blows up at infinity r — )■ 00 in the general case for a 7^ [39], which can be seen from the 
fact that g^^ diverges at infinity. However, in this general case, if— l<^<lisa rational 
number ^ with coprime integers p and g, then the Killing vector field ^ generates closed 
and finite orbits with period ^ at infinity [40j. It can be checked that, like the Euclidean 
Schwarzschild instanton, the Euclidean Kerr instanton is AF. 

The rod structure of the Euclidean Kerr instanton admits a one-parameter degeneracy, 
which can be seen from the fact that we can appropriately vary m and a such that the turning 
points (p = 0,z = Zi) and (p = 0,z = Z2) remain fixed. We also note that there is a one- 
parameter family of the Euclidean Kerr instanton that has exactly the same rod structure 
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(in standard orientation) as the Euclidean Schwarzschild instanton. This is another example 
of the fact that the rod structure alone cannot uniquely determine a solution, even when 
NUT charge is absent. And again this does not violate Hollands and Yazadj lev's theorem 
[10] . as the Euclidean Kerr instanton has an circle whose radius diverges at infinity, and 
moreover its metric has a cross term g^^ that diverges at infinity. 

4.5. Eguchi-Hanson instanton 

The Eguchi-Hanson instanton [21] has the well-known metric 

(4\2 / 4\~1 2 

^(dV' + cos^d0)'+ f dr2 + ^(d^2 + sin2^d02), (4.24) 

where the parameter a and coordinates r, 9 take the ranges r>a> 0, 0<^^<7r. 

The Weyl-Papapetrou coordinates (V^, 0, p, z) are related to the above coordinates by 



p = - Vr^ - sin 9 , z=— cos6'. (4.25) 

In these coordinates, the rod structure has two turning points at (p = 0, z = = —\) or 
[r = a,9 = tt), and at (p = 0, z = 2:2 = \) or {r = a,9 = 0). It consists of the following 
three rods: 

• Rod 1: a semi-infinite rod located at {p = 0, z < Zi) or {r > a,9 = n), with direction 
£i = (l,l). 

• Rod 2: a finite rod located at {p = 0, zi < z < Z2) or {r = a,0 < 9 < tt), with direction 
4 = (1,0). 

• Rod 3: a semi-infinite rod located at {p = 0, z > Z2) ot {r > a,9 = 0), with direction 
4 = (-1,1). 

It is straightforward to check that the direction pairs {^1,^2} and {^2,^3} of adjacent 
rods are related by a GL{2, Z) transformation. To ensure regularity, the orbits generated 
by say the first direction pair {^1,^2} should be identified with period 27r independently. 
This direction pair can then be taken as the pair of independent 27r-periodic generators of 
the U{1) X U{1) isometry group of the Eguchi-Hanson instanton. However, since the pair 
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{ii —C-2, ^2} is also related to {^1, ^2} by a GL{2, 1) transformation, and since ^1—^2 = (0, 1), 
we can make the following identifications to ensure regularity: 



0) ^ + 27r) , (V-, 0) ^ (V- + 27r, 0) . (4.26) 

Note that in this case, the direction pair {li^l^} corresponding to the two semi-infinite rods 
is not related to {^1,^2} by a GL(2,Z) transformation, so it cannot be taken as the pair of 
independent 27r-periodic generators of the U{1) x f/(l) isometry group. 

We can put the rod structure in standard orientation by taking {V(i) = — ^3,V(2) = 
£1}. The corresponding new Weyl-Papapetrou coordinates p, 5) are related to the old 
coordinates f l4.25p by 



The two turning points are now pushed to (p = 0,z = = —\) and (p = 0, 2; = ^2 = 
y), and the corresponding directions of the three rods from left to right are Ki = (0,1), 
K2 = (|, |) and K3 = (1, 0),!^ This is illustrated in Fig. 2(b). In the new Weyl-Papapetrou 
coordinates, the following identifications should be made to ensure regularity: 



{tP, 4>) -> (^, + 27r) , i^p, 0) ^ (^ + vr, + tt) . (4.28) 

Surfaces of constant r > a are represented in the (p, z) half-plane of the orbit space by 
curves intersecting with rods 1 and 3. Since = 2K2 — Ki, the topology of these surfaces 
is then a lens-space L(2, —1) = MP'^. They shrink down to a two-sphere at r = a. At infinity 
r — 7- 00, the Eguchi-Hanson instanton approaches a four- dimensional flat space quotiented 
by a Z2 group, i.e., j%2- It can be checked that this instanton is ALE with F = Z2. 

Finally, we note that, under the above identifications, the limit a — )■ results in a four- 
dimensional flat space quotiented by a Z2 group, which is singular as there is an orbifold 
singularity present at the origin. 



^^Strictly speaking, we should have K^, = (—1,0) to keep the direction of rod 3 invariant under the 
coordinate transformation (|4.27p . But recaU that we allow a possible minus sign for the direction of a rod, 
so here we take K-^ ~ (I7 0). 
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4-6. Double- centered Taub-NUT instanton 

The double-centered Taub-NUT instanton [TTf [2l] has the metric 

ds^ = H-\dilj + Af + H{dr^ + r^dO^ + sin^ ^ d0^) , (4.29) 

where the harmonic function H and the twist potential A on i^^^ are defined as 

2 1 rill 2|n2| 



H =1 + 



ri r2 



^^2n,(rcosg + a) ^ 2^^ (r cos ^ - a) ^ 
ri r2 

with ri = A/r^ + + 2ar cos 6' and r2 = v^r^ + — 2ar cos 9. The parameters a, rii, n2 and 
coordinates r, 9 take the ranges a > 0, — oo < ni,n2 < oo, r > 0, < < vr. Furthermore, 
the NUT charges rii and n2 are required to have the same sign. 

The Weyl-Papapetrou coordinates {ip,(f),p,z) are related to the above coordinates by 

p = rsin6', 2; = rcos6'. (4-31) 

In these coordinates, the rod structure has two turning points at {p = 0, z = Zi = —a) or 
{r = a,9 = it), and at {p = 0, z = Z2 = a) or {r = a,9 = 0). It consists of the following three 
rods: 

• Rod 1: a semi-infinite rod located at {p = 0, z < Zi) or {r > a,9 = tt), with direction 
ii = (2ni + 2n2,l). 

• Rod 2: a finite rod located at {p = 0, Zi < z < Z2) oi {0 < r < a, 9 = and vr), with 
direction £2 = (— 2ni + 2^2, 1). 

• Rod 3: a semi-infinite rod located at {p = 0, z > Z2) or {r > a,9 = 0), with direction 
£3 = (-2^1-2^2,1). 

It can be checked that the direction pairs {ii, £2} and {£2, £3} of adjacent rods are related 
by a GL{2, Z) transformation, provided the two NUT charges are equal: ni = n2 = n; this 
is what we assume from now on. To further ensure regularity, the orbits generated by say 
the first direction pair {^1,^2} should be identified with period 27r independently. This 
direction pair can then be taken as the pair of independent 27r-periodic generators of the 
U{1) X f/(l) isometry group of the double-centered Taub-NUT instanton. However, since 



27 



the pair {£i — £2,^2} is also related to {^1,^2} by a GL(2,Z) transformation, and since 
^1 — ^2 = (4n, 0), we can make the following identifications to ensure regularity: 

0) ^ + Snvr, 0) , i^, 0) ^ (V^, + 27r) . (4.32) 

As in the Eguchi-Hanson instanton, the direction pair {£1,^3} corresponding to the two 
semi-infinite rods is not related to {ii,i2} by a G'L(2,Z) transformation, so it cannot be 
taken as the pair of independent 27r-periodic generators of the U{1) x f/(l) isometry group. 

If n 7^ 0, we can put the rod structure in standard orientation by taking {V(i) = 
^3,V{2) = ^i}- The corresponding new Weyl-Papapetrou coordinates (-0,0, p, 5) are related 
to the old coordinates (14.311) by 

^ = -4n(?/! - 0) , = ^ + 0, p = -^p, z = -^z. (4.33) 

8|n| 8|n| 

The two turning points are now pushed to {p = 0, z = zi = — 8|?T,|a) and (p = 0,5 = ^2 = 
8|rj.|a), and the corresponding directions of the three rods from left to right are Ki = (0, 1), 
K2 = (|, i) and = (1,0). This is illustrated in Fig. 2(b). In the new Weyl-Papapetrou 
coordinates, the following identifications should be made to ensure regularity: 

0) ^ (V^, + 27r) , (7/;, 0) ^ (^ + vr, + vr) . (4.34) 

It is easy to show that constant r surfaces have the topology x S"^ for < r < a, and 
the topology L(2, 1) for r > a. At infinity r — )■ 00, the Killing vector field ^ generates a 
compact dimension of constant size Smr. It can be checked that the double-centered Taub- 
NUT instanton is ALF with F = Z2. When n — )■ 0, we recover a three-dimensional flat 
space; on the other hand, when — )■ 00, the finite dimension blows up, and we recover the 
Eguchi-Hanson instanton. 

As can be seen, the above rod structure also admits a one-parameter degeneracy. We 
also note that there is a one-parameter family of the double-centered Taub-NUT instanton 
(14.291) that has exactly the same rod structure (in standard orientation) as the Eguchi- 
Hanson instanton (I4.24p . This is the third example that the rod structure alone cannot 
uniquely determine a solution. Actually the double-centered Taub-NUT instanton gener- 
alises the Eguchi-Hanson instanton, in the same way that the self-dual Taub-NUT instanton 
generalises four- dimensional fiat space. So the same kind of degeneracy of the rod structure 
appears. 
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^.7. Taub-bolt instanton 

The Euclidean non-self-dual Taub-NUT solution has the metric 

dr^ 

ds^ = /(r) (d^P + 2n cos 9 d0)^ + -— + (r^ - n^) (d9^ + sin^ 9 d(j)^) , (4.35) 

f{r) 

where the function /(r) is defined as 

r^+n^ (4.36) 

The parameters m, n and coordinates r, ^ take the ranges m > |n|, r > ro, < < vr, where 
To is the larger root of /(r), i.e., = 171 + \/vn? — rfi. The self-dual Taub-NUT metric (14. 4p 
can be recovered from (14.351) by setting m = \n\. 

The Weyl-Papapetrou coordinates {ip,(f),p,z) are related to the above coordinates by 

p = y/r'^ — 2mr + v? sin 9 , 2; = (r — m) cos 6* . (4.37) 

In these coordinates, the rod structure has two turning points at (p = 0, z = 2:1 = —\/m? — n^) 
or (r = ro, 6^ = vr), and at (p = 0, 2; = 22 = y/w? — -n?) or (r = tq, = 0). It consists of the 
following three rods: 

• Rod 1: a semi-infinite rod located at (p = 0, z < Zi) or (r > tq, ^ = vr), with direction 
^i = (2n,l). 

• Rod 2: a finite rod located aX {p = Q,Zi < z < Z2) or {r = rQ,0 < 9 < tt), with 
direction £2 = (2m + 2\/m? — ra^, 0). 

• Rod 3: a semi-infinite rod located at {p = 0, z > z^) or (r > tq, ^ = 0), with direction 
£3 = (-2n,l). 

It can be checked that the direction pairs {^1,^*2} and {^2,^3} of adjacent rods are 
related by a (jL(2,Z) transformation, provided m = \ \n\. This corresponds to the Taub- 
bolt instanton discovered by Page [22j . In what follows, we focus on the Taub-bolt instanton 
only; in this case, we can take I2 = (4n, 0) without loss of generality. To further ensure 
regularity, the orbits generated by say the first direction pair {ii,^} should be identified 
with period 27r independently, i.e., 

0) ^ (V^ + Arm, + 27r) , (^, 0) ^ (V^ + Snvr, 0) . (4.38) 
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These identifications are, in fact, the same as (14. 7p needed to make the self-dual Taub-NUT 
instanton ( 14 ■4p regular. This is because the direction pair {^1,^3} corresponding to the two 
semi-infinite rods is related to the direction pair {^1,^2} by a GL(2,1j) transformation, and 
so can be taken as the pair of independent 27r-periodic generators of the U{1) x U{1) isometry 
group of the Taub-bolt instanton. 

If n 7^ 0, we can put the rod structure in standard orientation by taking {V(i) = 
—^3, V{2) = h}- The corresponding new Weyl-Papapetrou coordinates {ip: 4>: P, z) are related 
to the old coordinates f l4.37p by 

^lJ = 2ni^ + 4>) , = -Vi + 0, P=7^P, ^ = . (4.39) 

A\n\ A\n\ 

The two turning points are now pushed to {p = 0, z = Zi = — 3n^) and {p = 0, z = Z2 = 3n^), 
and the corresponding directions of the three rods from left to right are Ki = (0, 1), K2 = 
(1, 1) and = (1, 0)|^ This is illustrated in Fig. 2(c). Since {Ki, K^} can be taken as the 
pair of independent 27r-periodic generators of the U{1) x f/(l) isometry group, in the new 
Weyl-Papapetrou coordinates the following identifications can be made to ensure regularity: 

(^/;, 0) ^ (V5, + 27r) , 0) ^ (V^ + 27r, 0) . (4.40) 

Note that the Eguchi-Hanson and double-centered Taub-NUT instantons share the same 
Harmark rod structure [3, [8] as the Taub-bolt instanton (in appropriate coordinates), but 
the stronger form of the rod structure as defined in this paper is able to distinguish the two 
cases. 

It is easy to show that surfaces of constant r > tq have topology S^, and that they 
shrink down to a two-sphere S"^ at r = tq. At infinity r — )■ 00, the Taub-bolt instanton 
approaches a finite fibre bundle over an S"^, which is the Hopf fibration of S^. The Killing 
vector field ^ generates the finite fibre at infinity, with a constant size Snvr. Like the 
self-dual Taub-NUT instanton, the Taub-bolt instanton is ALF with F = 1. When n — )■ 0, 
we recover a three-dimensional flat space. 

Finally, we point out that the Eguchi-Hanson metric f l4.24p can be recovered from the 
non-self-dual Taub-NUT metric f l4.35p up to coordinate transformations, by taking the limit 
m — !■ 00 with m'^ — n'^ fixed. 



^■^As in the case of the Eguchi-Hanson instanton, we should strictly speaking have K-^ = (—1,0), but here 
we take = (1, 0) without making any difference. 
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4-8. No completely regular Kerr-bolt instanton 

The Kerr-bolt instanton was first discussed by Gibbons and Perry [23]. It generalises 
the Taub-bolt instanton in the same way that the Kerr solution generalises the Schwarzschild 
solution, and was obtained as a special case of the Euclidean Kerr-NUT metric. Here we 
take a simpler form of the Euclidean Kerr-NUT metric as used in Ghezelbash et al. [2S] : 

ds^ = ^[d^+ {2ncos9 + asm^e) d^]^ + ^^[ad^ - (r^ - - a^) dcj)f 

+S + d^^^ , (4.41) 

where E and A are defined as 

E = r"^ - {n- acosOf , A = - 2mr - + (4.42) 

The parameters m, n, a and coordinates r, 6 take the ranges m > \n\, — oo < a < oo, r > tq, 
< < vr, where tq is the larger root of A, i.e., tq = m + y/m"^ + a'^ — n^. The Euclidean 
Kerr metric f l4.17p and the non-self-dual Taub-NUT metric (14.351) can be recovered from 
(I4.4ip by setting = and a = 0, respectively. 

The Weyl-Papapetrou coordinates {ip, (p, p, z) are related to the above coordinates by 

p = Vr^ — 2mr — + sin 9 , z = {r — m) cos 9 . (4.43) 

In these coordinates, the rod structure has two turning points, at (p = 0, ^ = = 
— \Jm^ ^ c? — rfi) or (r = ro,6' = vr), and at (p = 0, z = ^2 = ^Jva^ + — n^) or (r = 
ro, 6* = 0). It consists of the following three rods: 

• Rod 1: a semi-infinite rod located at (p = 0, z < Z\) or (r > Tq, = vr), with direction 
£i = (2n,l). 

• Rod 2: a finite rod located at (p = 0, 2:1 < 2; < ^2) or (r = ro,0 < < vr), with 
direction ^2 = (^5 ^)5 where ke and fi^; are defined as 

^vp? ^ 0? — v? a 

ke = , — , He — , — . 

2{rn? — 71^ -\- myrn^ + a? — n?) 2(m^ — + myrrfi + — n^) 

(4.44) 

• Rod 3: a semi-infinite rod located at (p = 0, 2; > Z'2) or (r > tq, = 0), with direction 
£3 = (-2n,l). 
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Without loss of generality, we consider the case < n < m; a similar analysis applies 
when — m < n < 0. When n = 0, we recover the Euclidean Kerr instanton, in which case 
^l = £3. When n = m, we have ii = £2 and thus in this case the first and the second rods 
actually join up to form a single rod, leaving only one turning point in the rod structure. 
The resulting metric is nothing but the self-dual Taub-NUT metric f l4.4p in a different form. 

When < n < m, all three directions are mutually linearly independent. If we impose 
the condition that the direction pairs {^1,^2} and {£2,^3}, of adjacent rods intersecting at 
the two turning points, are related by a GL{2, Z) transformation, it is straightforward to 
show that the only solution is {a = 0,m = ^}, which is just the Taub-bolt instanton. This 
result implies that no new gravitational instantons can be obtained from (14.411) when a 7^ 0; 
in particular, there is no Kerr-bolt instanton satisfying our regularity conditions! 

It is worth examining this result in more detail, especially in the light of previous 
analyses of the Kerr-bolt instanton. In order to avoid conical singularities along all three 
rods, the orbits generated by ii, £2 and £3 should be respectively identified with period 2tt; 
at the same time, it is necessary for the so-called compatibility condition q£i + p£2 + sfs = 
to be satisfied for mutually coprime integers p, q and s (see e.g., |26] for an explanation of 
this and some information on lattice analysis). This class of Kerr-bolt instantons free of 
conical singularities was analyzed in detail in [26]. However, it turns out that they contain 
orbifold singularities in general. We recall that, by first identifying the orbits generated by 
£1 and £2 with period 27r respectively, the metric in the vicinity of the first turning point 
{p = 0, z = Zi) can be brought into the standard form of E"^ near the origin fl2.11l) . with 
£1 = and £2 = Since £3 = —\{q£i +^^2), if we further identify the orbits generated 
by £3 with period 27r, we quotient the space by a 'L\s\ identification group. This will leave a 
Z|s| orbifold singularity at the first turning point if |s| > 2. Similarly, if |g| > 2 there will 
be a Z|g| orbifold singularity at the second turning point (p = 0, z = ^2) l3 If we require the 
absence of these two orbifold singularities, we have to impose s = ±1 and g = ±1. It is 
easy to see that the only solution to these conditions is {a = 0,m = -^j, i.e., the Taub-bolt 
instanton. 

Hence, there does not exist a completely regular Kerr-bolt instanton free of both conical 
and orbifold singularities. The space with metric f l4.4ip is regular only in two special cases, 
the Euclidean Kerr instanton and the Taub-bolt instanton, as described above. However, 
we should also note that the local metrics of the self-dual Taub-NUT and Eguchi-Hanson 



^''^ Moreover, the presence of these orbifold singularities would imply that the bolt at r = rg itself will not 
be a completely regular surface. This surface will in general possess conical singularities at the two poles. 
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instantons can also be recovered from f l4.4ip up to coordinate transformations, by taking 
very special limits. 



4-9. Multi-collinearly- centered Taub-NUT instanton 

The general multi- Taub-NUT instanton [T71 123] admits only a one-parameter isometry 
group, but a particular class admits a larger U{1) x f/(l) isometry group, namely those with 
all the nuts collinearly centered on the base space E^. The metric of this special class takes 
the form 

ds^ = H-^ {dip + Af + H{dr^ + r^dO^ + sin^ Q d0^) , (4.45) 
where the harmonic function H and the twist potential A on are defined as 

k 



2 In. 



i=i * 



^^^2n.(rcosg-a.) _ 



Here = i/r^ + a^^ — 2ajr cos Q is the distance between the z-th nut and the position under 
consideration on the flat base space Ei^ parameterised by the spherical polar coordinates 
{r,6,(j)). Without loss of generality, we assume < ai < ■ ■ ■ < a^. There are in total 
k nuts in the space, collinearly centered on the base space E^ along the symmetry axis 
at (r = ai,6 = 0) respectively. The parameters rii and coordinates r, 6 take the ranges 
—oo < rii < oo, r > 0, < 6 < Tc. Furthermore, all the NUT charges are required to have 
the same sign. 

The Weyl-Papapetrou coordinates {tp,(f), p, z) are related to the above coordinates by 

p = rsin6', 2; = rcos6'. (4.47) 

In these coordinates, the rod structure has k turning points in total, corresponding to the 
k nuts, located at {p = 0, z = Zi = ai) or (r = ai,6 = 0). The direction of the i-th rod is 

i-l k 

ii = (-2^r2j +2^nj,l), for i = 1,2,. . + 1. 

j=i j=i 

It can be checked that the condition for the adjacent rod direction pairs {ii-i,£i} and 
{£i,ii+i}, ioT i = 2, . . . , k, to be related by a GL{2, Z) transformation requires that rii-i = 
rii = n. Hence, regularity of the gravitational instanton requires all the NUT charges to be 
equal [18]; this is what we assume from now on. Furthermore, the orbits generated by say 
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(0,1) ihl) (|,i) (1,0) 
• • • >■ z 

Z\ Z2 Z-j, 

Figure 3: The rod structure of the triple-coUinearly-centered Taub-NUT instanton in stan- 
dard orientation. 



the i-th adjacent direction pair {ii,£i^i} should be identified with period 27i independently. 
This direction pair is then identified as the pair of independent 27r-periodic generators of 
the U{1) X f/(l) isometry group of the multi-coUinearly-centered Taub-NUT instanton. If k 
is odd, we have ^^fej+i = (2?2, 1) and i^k^^2 ~ (~2n, 1), and the identifications (14. 7p should 
be made to ensure regularity; if k is even, we have ik = {An, 1) and ik_^-^ = (0, 1), and the 
identifications (I4.32p should be made to ensure regularity. 

If n 7^ 0, we can put the rod structure in standard orientation by taking {V(i) = 
ik+i, V'(2) = h}- The corresponding new Weyl-Papapetrou coordinates {ip, 0, p, z) are related 
to the old coordinates (14.471) by 



iP = -2nk{^P - 4)) , = ^ + 0, p=__p, 2;=__5. (4.48) 

The 2-th turning point is now pushed to {p = 0, z = Zi = 4:\n\kai), and the directions of 
the + 1 rods from left to right are Ki = (0,1), Ki = (^, ^^^), . . . , K^+i = (1, 0). 
(Fig. 3 illustrates the case of A; = 3.) In the new Weyl-Papapetrou coordinates, the following 
identifications should be made to ensure regularity: 

(2w ~ 2(k — l)7r\ 

We note that the rod structure of the multi-collinearly-centered Taub-NUT instanton also 
admits a one-parameter degeneracy as that in the double-centered case discussed in Sec. 4.6. 

Constant r surfaces for Oj < r < Oj+i (i = 1, . . . , k — 1) are represented in the (p, z) 
half-plane of the orbit space by curves intersecting with the first and {i + l)-th rods, and 
since -ft'j+i = —{i — l)Ki + iK2, these surfaces have lens-space topology L{i, 1 — i) = L{i, 1). 
By a similar argument, surfaces of constant r > ak have topology L{k,l — k) = L{k,l). 
At infinity r — )■ 00, the Killing vector field ^ generates a compact dimension of constant 
size Snvr. It can be checked that the multi-collinearly-centered Taub-NUT instanton is ALF 
with r = Zfc. When n — )■ 0, we recover a three-dimensional fiat space; on the other hand. 
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when n — )■ oo, the compact dimension blows up and we recover the colhnearly-centered 
Gibbons-Hawking instanton [23] O The latter instanton is ALE with F = Z^. 

The multi-collinearly-centered Taub-NUT instanton considered here, with all the axes 
at p = removed, is naturally taken as a U{1) x f/(l)-principal fibre bundle over the base 
space I = {z + ipEC\p> 0}. However, in the more conventional but equivalent way, with 
all the nuts removed, this gravitational instanton is taken as a f/(l)-principal fibre bundle 
over the base space with the corresponding nut-points removed. See, e.g., [H] for this 
more conventional point of view. 



5. Possible new gravitational instantons 



5.1. Possible new gravitational instantons with two turning points 

We have analyzed the rod structure of five classes of regular gravitational instantons 
with two turning points, namely the Euclidean Schwarzschild, Euclidean Kerr, Eguchi- 
Hanson, double-centered Taub-NUT and Taub-bolt instantons. It may be interesting to 
ask what kind of rod structure with two turning points is necessary for a regular solution. 

As we have seen, any direction pair of adjacent rods, say {ii, £2}, should generate orbits 
with period 27r independently to avoid possible conical and orbifold singularities, and they 
are then identified as the pair of independent 27r-periodic generators of the U{1) x f/(l) 
isometry group of the space. Any other rod direction should be a linear combination of 
them with coprime integer coefficients, i.e., £3 = qii + pi2 with coprime integers p and 
q}^ Furthermore, the pair {£2,^3} should also be related to the pair {£1,^2} by a GL{2,Z) 
transformation, so we have g = ±1. Depending on the value of p, we further divide the 
possibilities into two classes: (a) p = 0, so ii = ±£3, or (b) \p\ > 1, so £2 = (^1 ± ^3)/p- 
The first class corresponds to the case when the two semi-infinite rods are parallel, while the 
second class corresponds to the case when they are not. 

The Euclidean Schwarzschild and Kerr instantons are in class (a). The Taub-bolt 
instanton is in class (b) with |p| = 1, while the Eguchi-Hanson and double-centered Taub- 
NUT instantons are in class (b) with \p\ = 2. If there exists a solution in class (b) with an 



^^The usual form of the Gibbons-Hawking instanton is to omit the 1 in the harmonic function H [24], but 
this is equivalent to the limit described above by taking n — 00. 

""^^The case when £1 = £2 or £2 = £3 is trivial in our analysis, as it results in a rod structure with one 
turning point. We have already mentioned in Sec. 4.8 that the self-dual Taub-NUT metric can be recovered 
from the Kerr-bolt metric by imposing this condition. 
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(0,1) (1,0) 
• • ^ z 

Zi Zi 

Figure 4: The rod structure of possible new gravitational instantons with two turning points, 
for integer \p\ > 3, in standard orientation. 

integer \p\ > 3 (the rod structure for such a solution in standard orientation is illustrated in 
Fig. 4), it would be possible to remove the conical and orbifold singularities, by identifying 
the orbits generated by say {ii,^} with period 27r independently. Asymptotically it will 
have a lens-space L{p, 1) structure, with or without any compact dimensions. This class of 
possible new gravitational instantons was previously considered in |23]. In that paper, it 
was also argued that topological constraints, in the form of a Hitchin-type inequality, might 
rule out such new gravitational instantons for sufficiently large values of However, there 
are still some small values of |p| > 3 for which new ALF or ALE gravitational instantons are 
not ruled out. 

5.2. Possible new gravitational instantons with three turning points 

It is straightforward to extend this analysis to find all possible rod structures with any 
given number of turning points, that would correspond to regular manifolds if appropriate 
identifications are made. In this subsection, we illustrate this for the next simplest case of 
three turning points. Again, we find that the allowed rod structures fall into two classes, 
depending on whether the two semi-infinite rods are parallel or not. The first class, with rod 
structure in standard orientation as shown in Fig. 5(a), has parallel semi-infinite rods. The 
infinity of the associated gravitational instanton will have topology x S^, so it will likely 
be AF. The second class has rod structure in standard orientation as shown in Fig. 5(b), for 
any pair of integers p and q except p = q = ±1. Asymptotically it will have a lens-space 
L{pq — l,q) structure, with or without any compact dimensions. 

Note that the triple-collinearly-centered Taub-NUT instanton (Fig. 3) emerges as a 
special case of the second class with p = q = ±2. However, to the best of our knowledge, 
all the other cases would be associated to new gravitational instantons, if they exist. A 
systematic search is currently underway to construct new gravitational instantons with one 
or more of these allowed rod structures; indeed, preliminary results indicate that a new AF 
gravitational instanton with rod structure belonging to the first class (Fig. 5(a)) exists |12] . 



36 



(0,1) (1,0) (1,1) (0,1) 

(a) • • • ^ z 

Z\ z% Zs 

(0,1) ^ M (1,0) 

(b) • • • ^ z 
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Figure 5: The rod structure of possible new gravitational instantons with three turning points 
in standard orientation. In (b), p and q are any pair of integers except p = q = ±1. Note 
that the special case p = q = ±2 corresponds to the triple-coUinearly-centered Taub-NUT 
instanton (Fig. 3). 

For the second class, topological or other constraints might serve to rule out certain ranges of 
values of p and q. However, there might still exist new ALF or ALE gravitational instantons 
with sufficiently small values of |p| and \q\. 

6. Discussion 

In this paper, we have defined a stronger version of the rod structure for five-dimensional 
black holes with M x f/(l) x f/(l) isometry, and explained how the regularity conditions 
can be read off from it. We then showed that the rod-structure formalism can also be 
usefully applied to the study of gravitational instantons with U{1) x f/(l) isometry. A 
number of examples were considered, and several previous results concerning certain of 
these gravitational instantons were clarified in the process. It was then argued that the 
rod structure provides a way to classify all possible gravitational instantons with U{1) x 
U{1) isometry, and new classes of rod structures were explicitly written down. We finally 
speculated that at least some of these new rod structures would be associated to as yet 
undiscovered gravitational instantons. 

It is interesting to further explore the (non-) uniqueness of the gravitational instantons 
analyzed in this paper. When restricted to the case when there is no black hole, Hollands 
and Yazadjiev's theorems [9l [10] immediately imply the following result: For gravitational 
instantons with U{1) x U{1) isometry, asymptotically approaching the Euclidean space E"^, 
or the product space x (with finite), there exists at most one gravitational instanton 
for a given rod structure. At infinity, the U{1) x U{1) isometry is assumed to generate the 
standard rotations of E'^, or of E^ and S^. It immediately follows that four-dimensional fiat 
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space and the Euclidean Schwarzschild instanton are the unique gravitational instantons that 
asymptotically approach E'^ and x respectively for their corresponding rod structures. 

We have seen in Sec. 4 that, in certain gravitational instanton with U{1) x U{1) 

isometry cannot be uniquely determined by its rod structure. On the contrary, we even find 
that a one-parameter family of gravitational instantons can share the same rod structure. 
The simplest example is given by four-dimensional fiat space and the self-dual Taub-NUT 
instanton, which share the same rod structure in standard orientation (as shown in Fig. 1). 
However, we notice that in this example the one-parameter degeneracy is resolved once the 
NUT charge of the self-dual Taub-NUT instanton, and thus its asymptotic geometry, is 
specified. Together with the result in the preceding paragraph, we may naturally conjecture 
that a gravitational instanton can be uniquely determined by its rod structure together 
with its asymptotic geometry, if specified in some appropriate way. Here, we also assume 
the various technical assumptions made in [9l [10] but with a vanishing black hole horizon 
holding in our case. One may further expect that this conjecture, if true, can be proved 
similarly as was done for the theorems in [9l [TO] . 

It would be interesting to know why the rod structure alone does not contain sufficient 
information to determine a gravitational instanton. Insights may be gained by studying the 
sources [8j , and the relations between these sources and the corresponding rod structures of 
the gravitational instantons analyzed in this paper. 

The open problem regarding the existence of a gravitational instanton for a given rod 
structure is even more challenging. Firstly, up to now not all the rod structures allowed by 
our analysis (so that conical and orbifold singularities can be removed) have been associated 
with a gravitational instanton, neither has their existence been disproved in general. For 
some of the new rod structures that we considered in Sec. 5, topological or other constraints 
might rule out the existence of any new associated gravitational instantons. If, however, these 
new gravitational instantons do exist, the inverse scattering method [lH [H] is a powerful 
solution-generating technique that might be able to construct them. Secondly, for a given 
rod structure, supposing their associated gravitational instantons exist, there seems to be 
constraints on the asymptotic geometry of these gravitational instantons. For example, 
gravitational instantons with a rod structure as shown in Fig. 2(c) (the Taub-bolt instanton) 
are only found to be ALF. An ALE gravitational instanton with such a rod structure cannot 
exist. This is because such a new gravitational instanton will have to be trivially AE (it has 
an infinity of topology 5''^), and the positive action theorem [37] rules out this possibility. 
On the other hand, gravitational instantons with a rod structure as shown in Fig. 2(b) 
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can be either ALF (the double-centered Taub-NUT instanton) or ALE (the Eguchi-Hanson 
instanton) . 

Notice that a flat time dimension can be trivially added to the above gravitational in- 
stantons to obtain five-dimensional space-time solutions to the vacuum Einstein equationsllll 
Moreover, static or stationary black holes may be added to such space-times, while preserving 
the f/(l) X U{1) isometry. The black holes are then said to be sitting on that corresponding 
gravitational instanton, since when they are removed we recover a direct product of that 
gravitational instanton and a flat time dimension. Indeed, we have been able to classify or 
construct black holes on almost all the gravitational instantons studied in this paper with 
one or two turning points. These results will be presented in another paper |12] . 

The rod-structure formalism developed in this paper may be readily generalised, in 
some modifled form, to gravitational instantons with cosmological constant A > 0. These 
instantons are compact Einstein manifolds ^8\. All the explicitly known gravitational in- 
stantons within this class, namely S*^, CP^, S*^ x 5*^ and CP^ jj CP^ with their corresponding 
Einstein metrics [HI |35l |16] , have the prescribed U{1) x f/(l) isometry group. The concepts 
of turning points and rods are still applicable as flxed points of the U{1) x f/(l) isometry 
group and its U{1) isometry subgroups respectively. The direction of a rod is the normalised 
27r-periodic generator of the U (1) isometry subgroup which (as a Killing vector fleld) vanishes 
along that rod. Two adjacent rods intersect at a turning point, with directions satisfying 
the constraint (12.101) . The direction pair of any two adjacent rods can then be identifled as 
the pair of independent 27r-periodic generators of the U{1) x U{1) isometry group. It turns 
out that the orbit spaces of these compact gravitational instantons are homeomorphic to a 
disk [311 [32]. The boundary, which is homeomorphic to a circle, is divided into arcs by the 
turning points. An arc on this circle is what was roughly referred to as a rod above. S"^, 
as an analytic continuation of the de Sitter space-time [17], and CP^ [HI HQ] have two and 
three turning points, respectively. Both S"^ x S"^ ^9] and CP^ jj CP^ [50] have four turning 
points. The rod directions of these gravitational instantons can be easily calculated, and it 
turns out that the rod structures of S'^ x 5^ and CP^ jl CP^ can distinguish between these 
two gravitational instantons. We do not give any more details here. 

Another possible generalization of the rod-structure formalism would be to consider D- 
dimensional black holes with M x U{1)^^^ isometry and their background spaces, for > 5 
O [71 [ini [H]. The regular background spaces will be {D — l)-dimensional generalisations of 

^^Such space-times, when constructed with AF or ALF gravitational instantons, have been studied in the 
context of Kaluza-Klein theory; see, e.g., [IS] for details. When dimensionally reduced to four dimensions, 
they describe magnetic monopoles or dipoles, or their superpositions. 
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gravitational instantons with U{1)^~^ isometry. As already mentioned, necessary regularity 
conditions at the turning points of these space(-times) must be carefully treated [lO]. Higher- 
dimensional black holes and gravitational instantons with fewer isometrics might also be 
treated by generalising the rod-structure formalism to the domain structure [51j. For the 
case of five-dimensional stationary black holes, the possible horizon topologies have recently 
been classified in 1521. 
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